Entangled topological features of light 
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We report the entanglement of topological features, namely, isolated, linked optical vortex loops 
in the light from spontaneous parametric down- conversion (SPDC). In three dimensions, optical 
vortices are lines of phase singularity and vortices of energy flow which percolate through all optical 
fields. This example of entanglement is between features that extend over macroscopic and finite 
volumes, furthermore, topological features are robust to perturbation . The entanglement of pho- 
tons in complex three-dimensional (3D) topological states suggests the possibility of entanglement 
of similar structures in other quantum systems describable by complex scalar functions, such as 
superconductors, superfluids and Bose-Einstein condensates. 
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Most current optical experiments on entanglement use 
SPDC as the source of correlated photon pairs. The si- 
multaneous conservation of both energy and momentum 
in SPDC leads to various properties of the photons ex- 
hibiting quantum entanglement. Correlations in their po- 
larisation can be used to repeat the groundbreaking vio- 
lations of the Bell inequality that were originally observed 
using a two-photon cascade source [U [2] . Correlations in 
the spectra and arrival times of the down- converted pho- 
tons demonstrate entanglement of energy and time [3]. 
Correlations are also present in their spatial modes [4] [5] 
including those associated with orbital angular momen- 
tum (OAM) [6]. Optical eigenmodes of OAM have phase 
singularities (optical vortices) along their axis. These 
lines are defined as zeros of the complex field amplitude 
[7]. As nodes, the phase on optical vortex lines is un- 
defined (singular) and the phase changes by an integer 
multiple of 2tt around a vortex line. 

Optical vortex lines can be found in optical speckle, fa- 
miliar in light from a coherent laser beam scattered from 
a rough surface. Vortices occur between the bright speck- 
les, and are seen as points where the 3D phase singular- 
ity lines intersect the viewing plane. In 3D speckle, these 
vortex lines form a fractal tangle on the large scale, per- 
colating through space [8 , with many closed loops which 
are occassionally linked together [9]. Light produced by 
SPDC is spatially incoherent and can be considered as 
optical speckle. This is therefore a good candidate in 
which to observe topological vortex features [TO]. Here 
we show that quantum correlations apply to 3D vortex 
features of electromagnetic fields. Specifically, we show 
that the links of vortex loops, embedded within optical 
fields produced by SPDC are entangled. 

The Laguerre-Gaussian (LG) family of optical modes, 
as the Gaussian eigenmodes of OAM (and thus with axial 
vortex lines), is a convenient basis for specifying modal 
superpositions with linked vortex loops. LG modes have 
become important due to their easy experimental gener- 
ation and simple mathematical representation; in partic- 
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FIG. 1: Schematic for measuring Hopf links. The topo- 
logical states of the signal and idler photons are measured 
by encoding by holograms displayed on separate spatial light 
modulators (SLMs). 



ular, their OAM (and axial vortex) is characterized by 
exp(zi?</>), giving £h as the OAM per photon [11]. The 
entanglement of the OAM of photons has been observed 
experimentally [6] and, more recently, has been demon- 
strated by violating the Bell inequality [12]. However, the 
entanglement of OAM is not our primary concern here, 
but rather the entanglement of macroscopic vortex fea- 
tures that can be synthesised by combining LG modes, 
including those possessing no OAM. 

The modal superpositions that form the links can 
be generated using specially designed diffractive optical 
components (holograms). Although specified only in two 
dimensions, holograms determine the propagation of the 
3D optical field behind them. Previously, holograms have 
transformed the Gaussian output of a laser or single mode 
fibre into a field with a pair of linked phase singularity 
loops (Hopf links) [7J [T3] . The fidelity of the intensity 
and phase produced by these holograms has been con- 
firmed by tomographicaly imaging the phase and inten- 
sity structure of the holographically produced field [7]. 
The same hologram that transforms a Gaussian mode 
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into the Hopf link can be used in reverse as a measure- 
ment hologram, that is it can be used to detect the 3D 
field. In our case, this transforms a Hopf link back to the 
fundamental Gaussian mode which can then, and only 
then, be coupled to a single mode fibre and photon de- 
tector (fig. [I] (inset)). A detection event constitutes the 
measurement of the 3D complex topological state. 

In modal superpositions of this kind, the linked vor- 
tex lines intertwine within regions of the field of very low 
optical intensity, and hence their topology is fragile to 
perturbation. The practical generation and observation 
of these topological features relies on the numerical opti- 
misation of the complex coefficients of the mode compo- 
nents to separate the vortex lines by regions of relatively 
high intensity [7 j. Once the optimum coefficients of the 
modal components in the superposition are determined, 
it is a simple matter to design the corresponding detec- 
tion hologram. 




FIG. 2: Bloch sphere for Hopf links and correlations 
among the constituent LG modes in the state ([TJ. (a) 

A Bloch sphere for the Hopf links has the state \0,pHo P f) 
(with constant phase and a small nonzero on-axis intensity) 
and 1 2, 0) (or |— 2, 0) ) at the poles. The equatorial states cor- 
respond to the Hopf links. (b)Red bars show the correlation 
between the £ = states that make up \0,pHopf) (north pole) 
and the blue bar correspond to the correlation between the 
£ = 2 and £ = — 2 state (south pole). 

The modal superposition we consider to produce the 
vortex Hopf link is given by, 

I^Hopfiink) = 0.264 |0,0>- 0.628 |0,1> 

+ 0.426 |0, 2) - 0.596e i2e |2, 0) . (1) 

where \£ : p) denote the LG mode with p radial nodes and 
azimuthal index £. Ideally, for a plane wave pump beam 
of zero OAM (£ = 0), the light from SPDC can be written 
in the LG basis as the entangled state, 

oo oo 

I*spdc> = X)X>.pI*>P>M'P> (2) 

-oo 

where |q 5P | 2 is dependent on the down- conversion and is 
the probability of generating a photon pair in the \±£,p) 
state. The state ([2| has a wide range of different modes 



including the modes which comprise the superposition 
that could form the links. We can separate the super- 
position ([I]) into two components consisting of modes 
with zero and nonzero OAM (i = and £ = 2 respec- 
tively), if we define the state |0, PHopf) — 0.329 |0,0) — 
0.782 |0, 1) +0.530 |0, 2), which we get by normalizing the 
first three terms of ([I]). We can then write the Hopf link 
state as |^Ho P fiink) = a|0,p# O p/) - f3e z2e |2, 0) , where 
a = 0.803 and j3 = 0.596. This is convenient because 
from the entire state (J2|, we need have only to concern 
ourselves with the two-dimensional subspace given by 
= c \0,p Ho pf) \0,PHo P f)+c 2 |2,0) |-2,0) , where c 
and C2 are complex coefficients dependent on the modal 
bandwidth of our down- conversion process, and in our 
case we measure to be 0.76 and 0.64 respectively. The 
advantage of a two-dimensional subspace is that it lends 
itself to traditional tests of entanglement such as the Bell 
inequality. Exploring this two-dimensional subspace al- 
lows us to investigate the possibility of entanglement be- 
tween spatially separated 3D features. 

The quantum mechanical prediction for the coinci- 
dence count rate C of detecting the signal and idler pho- 
tons in states \^f s ) and |^) respectively then simplifies to 
the overlap integral between the complex amplitudes of 
the detected modes and the relevant modes of the pump 
beam |* L ) [14], 

C(* s ,%)(x\(* s \(%\V L )\ 2 (3) 

In our experiment we normalise all the coincident counts 
to those which would be obtained from a system in 
which the signal and idler photons were uncorrelated. 
We call this ratio the quantum contrast, given by QC = 
C/(SiS s At), where C, Si and S s are the coincidence, idler 
and signal count rates respectively, and At is the timing 
resolution of our coincidence counting electronics. 

It is well known that observing correlations in one mea- 
surement basis is not sufficient to show entanglement [15] . 
At the heart of the mystery of entanglement are the cor- 
relations exhibited in the bases corresponding to incom- 
patible observables, (e.g. momentum and position, linear 
and circular polarisation). In a 2D state space, the con- 
cept of incompatible observables is best illustrated by a 
reference to a Bloch sphere where for example a rotation 
of linear polarisation is equivalent to a change in phase 
between the constituent circular polarisations. We can 
cast the measurement of Hopf links similarly, in that we 
can have a Bloch sphere with the states \0,pnopf) an d 
|0,2) (or |0, — 2) ) at the poles. The equatorial states 
of this Bloch sphere are the Hopf links oriented at dif- 
ferent angles (see fig. [2|a)). To show entanglement be- 
tween the Hopf links then means demonstrating that the 
strength of nonlocal correlations depend not only on the 
magnitude of the modes (the poles of the sphere) but 
also on their relative phases. We test this phase depen- 
dence by changing both the relative axial Az positions 
and angular orientations AO of the topological features 
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measured in the signal and idler beams. Both of these 
shifts correspond to changes in phase of the modes com- 
prising the superposition, arising from the Gouy phase 
and the rotational symmetry of the modes respectively 
[T6] . Rather than moving any of the optical components 
we apply these shifts directly simply by setting the phase 
of the modal superpositions from which the hologram de- 
sign is derived. The relative phase A<pk of each modal 
component \£k,Pk) of the superposition is related to the 
axial displacement and angular orientations and is given 
by A(j) k = (|4|+2p fe + l)tan- 1 (Az/2: i? )+4A(9, where z R 
is the Rayleigh range for the modes. If the observed cor- 
relations were simply and solely due to classical conser- 
vation, then the strength of the correlations would show 
no phase dependence. 

We employ the experimental configuration shown in 
fig. [T] A quasi-cw, mode-locked, UV pump beam at 
355 nm incident on a 3 mm long type-I BBO crys- 
tal. The crystal is oriented in a collinear geometry such 
that the down-converted 710 nm signal and idler pho- 
tons are both incident on the same beamsplitter. The 
exit face of the crystal is imaged to separate spatial 
light modulators (SLM). The SLMs are used to display 
the holograms the measurement holograms which spec- 
ify the links we aim to detect (inset). These SLMs 
are reimaged to the input facets of single-mode fibres 
which are themselves coupled to single-photon detectors. 
The coincidence count rate from the two detectors is 
recorded as the holograms displayed on the SLMs are up- 
dated. The gate time for this coincidence measurement 
is 10 ns and we obtain typical count rates of 200 s _1 . 
The SLMs that we use are phase-only modulators, how- 
ever, by appropriate design of an off- axis hologram they 
can be easily used to detect any modal superposition 
even those involving a modulation in intensity [13]. The 
phase of the hologram, $hoio, is given by 3>hoio(#> 2/) = 

[$link(#,2/) + ^grating 0, 2/)] mod27r X sine 2 [1 - 7r/ link (x, ?/)] , 

where 3>ii n k(#> 2/) and In n k(x^y) refer to the phase and 
intensity cross sections of the link, ^grating (x, y) is the 
phase of the diffraction grating used to direct the light 
to the first order. 

Following ([2]), in the image plane of the crystal, the sig- 
nal and idler fields are complex conjugates of each other. 
This means if the photons are projected by the holograms 
which are encoded in states which are themselves com- 
plex conjugates of each other, the correlation between 
signal and idler beams should be high. The LG basis 
that we use to describe our topological features is an or- 
thonormal, complete set and consequently the correlation 
between any two modes of differing indices should, ide- 
ally, be zero. Before examining the correlation between 
the topological features themselves we examine the mea- 
sured correlations between the four LG modes that form 
the Hopf link (see fig{2|b)). As anticipated, the correla- 
tion between any mode and its complex conjugate is high, 
while its correlation with all other modes is low. We 



note, however, that some nominally orthogonal modes 
have residual correlations. This reflects the finite aper- 
ture of detection which means that the measured modes 
with the same £ (e.g.i = ) and different p are not com- 
pletely orthogonal. 
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FIG. 3: Experimental evidence of entanglement of 
topological states, (a) Quantum contrast is measured for a 
Hopf link as we simultaneously vary both axial and rotational 
displacements which are introduced by varying the hologram 
displayed on the SLM planes, (b) Coincidence measurements 
at various Az and AO reveal cross sections ( Az = and 
AO = 0) that show the clear phase dependence, (c) Sinusoidal 
curves to show Bell inequality violation. 

We demonstrate the variation of the coincidence count 
rate between the Hopf links as measured in the signal 
and idler arms as the links are axially and rotationally 
displaced from each other. Fig. |3jb) is a plot of the 
measured quantum contrast between a Hopf link and its 
phase conjugate as we simultaneously vary both the axial 
and rotational displacements in one of the arms. Fig. 
|3jb) also shows cross sections at Az = and at AO = 
0. The close agreement between experiment and that 
predicted by Q is a demonstration of the validity of 
quantum mechanics. 

The sinusoidal behavior of the coincidence count rate 
as we vary AO is reminiscent of the coincidence curves 
used to show a violation of the Bell inequality in the case 
of polarisation-entangled photons. Indeed, the fact that 
the state can be written in terms of two orthogonal set of 
modes suggests that we can perform a similar analysis for 
our Hopf links [17] . We use the Clause-Horne-Shimony- 
Holt(CHSH) inequality [18], an experimentally testable 



4 



form of the Bell inequality derived to demonstrate the 
limit in the correlations possible with any local-realistic 
hidden variable theory. The inequality is given in terms 
of the Bell parameter S, and is violated when |S| > 2. 
The extent to which this inequality can be violated is an 
indication of the degree of entanglement of a quantum 
system, with S taking on a value of 2\[2 for maximally 
entangled states. 

Following ([3]), the predicted coincidence for orienta- 
tions of the holograms S and Oi is given by C(0 si 0i) = 
cla A + cl/3 4 + 2c c 2 a 2 f3 2 cos(2(<9 s - 0*)) = 0.244 + 0.052 + 
0.225 cos(2(# s — Oi)). Because the Hopf link contains a 
component with t = 0, the Hopf link and its conjugate 
are not orthogonal hence the coincidence rate does not 
fall to zero as in the maximally entangled case. The max- 
imum visibility expected in our case is 76%, and S is 2.55. 
Figj3jc) shows the coincidence curves used to calculate 
S from four different orientations of the signal hologram 
as the orientation of the idler hologram is varied from 
to 7r (corresponding to a phase change between the 
|0, PHopf) and |2,0) of to 20 i = 2ir). The count rate 
for each 0i setting is normalized such that the sum of the 
coincidence rate for each is unity. The average visibility 
we obtain is 85%, slightly higher than expected. This 
is a consequence of the interference arising from modes 
that are ideally orthgonal (i.e. the off-diagonal modes in 
figj2|b)), but experimentally gives residual coincidence 
counts. We measure S to be 2.44. This is lower than 
the maximum value of 2\/2, but is still greater than the 
classical limit of 2, thereby demonstrating that the Hopf 
links we measure in the down- converted fields are indeed 
entangled. 

The SLMs that we use have a diffraction efficiency of 
about 60%. We are using off- axis holograms, meaning 
that any phase noise in the SLM will affect only the 
diffraction efficiency, not the phase of the measured state, 
which is instead set by the spatial form of the hologram. 
The topology of the Hopf link has been shown to be ro- 
bust against perturbations of the modal coefficients to as 
much as several percent. In any event, the fact that we 
violate the Bell inequality is an unambiguous demonstra- 
tion of quantum entanglement and demonstrates that we 
are not constrained by the limitations of our SLMs. 

Whereas earlier work in quantum entanglement has 
concentrated on point properties of the field (e.g. po- 
larisation) or field cross sections (e.g. OAM), our work 
here concentrates on intrinsically three dimensional fea- 
tures of the field, we have demonstrated the existence of 
entangled topological features that occupy a finite vol- 
ume. The wave description of light is equally applica- 
ble to other physical systems such as cold atoms and 
superfluids. The existence of vortex lines and related 
topological features in these fields is an area of intense 
theoretical and experimental investigation [T9H2T] . We 



postulate that the quantum entanglement of topological 
features of vortex lines may extend to cover these other 
system types. Moreover, the transfer of the topological 
vortex states from light to BEC [20 , 22 may be a route to 
the preparation of macroscopically entangled topological 
states. In addition, topological states are usually robust 
and may therefore offer a route to increasing the stability 
of the entangled state [23], 
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